The objective of this paper is to obtain analytical-approximate solutions to the time-fractional CahnHilliard equation of sixth order using two types of iteration methods: the new iterative method (NIM), which depends on the decomposition of the non-linearity term and the q-homotopy analysis method (q-HAM), a modification of homotopy analysis method (HAM).
Introduction
Recently, the concept of fractional calculus such as fractional derivatives and fractional integral has been gaining attention of researchers in the field of engineering and natural sciences due to it vast applications such as found in control theory of dynamical systems, signal and image processing, financial modeling, nanotechnology, viscoelasticity, random walk, anomalous transport and anomalous diffusion, are just a few (for more details, see [9, 14, 27, 31, 45, 48, 54, 58-60, 62, 68-70] ).
In the various fields of engineering and natural sciences, nonlinear partial fractional differential equations play a vital role in solving world problems. Among such PDEs, we have Cahn-Hillard equation named after Cahn and Hilliard in 1958 [13] . The Cahn-Hillard equation plays an essential role in understanding a number of fascinating physical phenomena for instance, in spinodal decomposition, phase ordering dynamics, and also describes vital qualitative distinctive attribute of two-phase systems connected with phase separation processes (see [12, 13, 23, 51] for a detailed discussion). Because of its real world applications in these various fields mention above, researchers have investigated the mathematical and numerical solutions of this equation [11, 15, 16, 18, 22, 38, 51, 52, 56, 61] .
Solving partial differential equations with fractional derivatives is often more difficult than the classical PDEs, for it operator is defined by integral. In the recent year, researchers have develop some approximate methods in solving both linear and nonlinear PDEs with fractional derivatives, such as adomian decomposition method, (ADM) [16, 55, 61] , variational iteration method, (VIM) [17, 50] , generalized differential transform method, (GDTM) [6] [7] [8] , permuturbation iteration transformation method, (PITM) [29] , homotopy-perturbation method, (HPM) [4, 28, 61] , and residual power series method (RPSM) [2, 3, 67] .
In this paper, we consider the time-fractional Cahn-Hilliard equation a sixth order nonlinear partial differential equation given by
with the initial condition (IC) w 0 = w(0, x) = f (x).
When α = 1 and µ = 0, equation (1) has stationary solutions
Here, the parameters α (0 < α ≤ 1) stands for the order of the time-fractional derivatives, satisfying ρ ≥ 0. Our aim is to obtain solutions in the form of recurrence relations, using the new iteration method (NIM), which is base on the decomposition the non-linearity term [10, 19, 20, 66] , and q-homotopy analysis method (q-HAM), a modification of the homotopy analysis method (HAM) [24, 33, 34, 37] .
The Gamma function is defined by [21, 30] 
where (w) > 0. Definition 1.2. The Riemann-Liouville fractional integral operator of order α (α ≥ 0) of a function w(t, x) ∈ C µ , µ ≥ −1, denoted by J α w(t, x) (with respect to "t") is defined as [30, 44, 53] ,
where J 0 w(t, x) = w(t, x). Then the following properties holds for function w(t, x) as follows:
Here, α, β ≥ 0 and τ > −1.
The (left sided) Caputo fractional derivative of a function w(t, x) of order α (with respect to "t"), denoted by D α w(t, x), where m − 1 < α < m, and w(t, x) ∈ C m l , m ∈ N is defined as [30, 53] :
where
satisfies the following defined properties:
Analysis of Approximate Methods
In this section, we give a brief explanation of the new iterative method (NIM) and the q-homotopy analysis method (q-HAM).
Fundamentals of the NIM
Consider the following functional equation,
where L and N respectively stand for the linear and nonlinear operator from a Banach space B to itself, f (t, x) is the known function and w(x, y) is the unknown function. We define a solution of (8) has a series form
As shown in [19, 66] , this series (9) converges absolutely and uniformly to a unique solution if the operators L and N are contractive. The decomposed nonlinear operator N as in [19] is give as
In the same manner we decomposed the linear operator L as
L a linear operator, then from (11), we obtain
Substituting equation (9)- (12) into (8), we have
Then, equation (13) gives the following iterations
where s = 1, 2, 3, 4, · · · .
Fundamentals of the q-HAM
Consider the nonlinear differential equation
where f (t, x) and w(t, x) are respectively the known and unknown functions, N is the nonlinear operator, and D α t is the conformable fractional derivative with respect to "t". In order to generalize the concept of homotopy method, we construct the zeroth-order deformation equation given as
is the embedded parameter, h (h = 0) an auxiliary parameter, L is the auxiliary linear operator, and a non-zero auxiliary function denoted by H(t, x). For q = 0, 1 n respectively, we obtain from equation (16) the following
When q rises from 0 to 1 n , the solution Φ(t, x; q) ranges from the initial guess w 0 (t, x) to the solution w(t, x). If we chosen w 0 (t, x), h, L , and H(t, x) appropriate enough, then the solution Φ(t, x; q) of equation (16) is valid as long as 0 ≤ q ≤ 1 n . Hence, we obtain the Taylor series expansion for Φ(t, x; q) as
If we choose w 0 , h, L , and H(t, x) properly so that the equation (18) converges at q = 1 n , then from (17) we obtain
We define the vector w r as follows:
By differentiating equation (16) r-times (with respect to "q"), substituting q = 0, and then divide it by r!, we obtained what is known as the r th -order deformation equation [37, 43] ,
subject to the initial conditions
Therefore, we have the solution to the system for m ≥ 1 as
with
The series solutions by q-HAM are
which gives the appropriate solutions in terms of convergence parameters n and h.
Solutions of Time-Fractional Cahn-Hilliard Equation of SixthOrder
In this section, we apply the above mentioned iterative methods to obtain approximation series solutions of the time-fractional Cahn-Hilliard equation (1) with different initial conditions.
Case I
Consider the time fractional Cahn-Hilliard (1),
with the initial condition (IC)
NIM solution:
Applying J α to both sides of equation (28), then the IVP (28)- (29) is equivalent to the integral equation:
where,
We now obtain components of the series solution using NIM recurrent relation in (14) successively as follows:
Using the same procedure, expression for w r (t, x), r = 3, 4, 5, ... can be obtained. Thus, the expression of the series solutions can be written as follow:
Equation (30) gives an approximate solution to the IVP (28)- (29) .
q-HAM solution:
To apply the q-HAM, we rewrite time fractional Cahn-Hilliard equation (1) 
We can now obtain the components of the solution using q-HAM recurrent relation in (25) , (26), and (32) successively as follows:
= hJ α (D α t w 1 − µw 0 w 1x − µw 1 w 0x + 18w 0 w 0xx w 1xx + 18w 0 w 1xx w 0xx + 18w 1 w x0x w xx ) + hJ α (36w 0x w 0x w 1xx + 36w 0x w 1x w 0xx + 36w 1x w 0x w xx + 24w 0 w 0x w 1xxx + 24w 0 w 1x w 0xxx )
+ hJ α (24w 1 w 0x w 0xxx + 3w 0 w 0 w 1xxxx + 3w 0 w 1 w 0xxxx + 3w 1 w 0 w 0xxxx − w 1xxxx − w 1xxxxxx )
α (18w 0 w 2xx w 0xx + 18w 1 w 1xx w xx + 18w 2 w 0xx w 0xx + 36u 0x w 0x w 2xx + 36w 0x w 1x w 1xx + 36w 1x w 0x w 1xx ) + hJ α (36w 0x w 2x w xx + 36w 1x w 0x w 1xx + 36w 2x w 0x w xx + 24w 0 w 0x w 2xxx + 24w 0 w 1x w 1xxx + 24w 1 w 0x w 1xxx )
Using the same procedure, expression for w r (t, x), r = 4, 5, 6, ... can be obtained. Thus, the expression of the series solutions can be written as follow: w(t, x; n; h) = tanh
Thus, equation (33) gives an approximate solutions to the IVP (28)- (29) 
Case II
NIM solution: Applying J α to both sides of equation (34), then the IVP (34)- (35) is equivalent to the integral equation:
We now obtain components of the series solution using NIM recurrent relation in (14) successively as follows: Using the same procedure, expression for w r (t, x), r = 3, 4, 5, ... can be obtained. Thus, the expression of the series solutions can be written as follow: 
Thus, equation (36) gives an approximate solution to the IVP (34)- (35) .
q-HAM solution:
Consider equation (31), we obtain the components of the solution using q-HAM recurrent relation in (25) , (26) , and (32) successively as follows: 
Thus, equation (37) give an approximate solution to the IVP (34)- (35) 
Conclusion
In conclusion, we have successfully studied two iterative methods for constructing approximated solutions to time-fractional Cahn-Hilliard sixth-order nonlinear partial differential equation with different initial conditions. We used NIM and q-HAM to obtain approximate series solutions. As shown in Case I, Figures (1) through (4) and Case II, Figures (5) through (10) both the NIM and q-HAM produces a good approximate solution to equation (1) with their respective initial conditions. Therefore, we can considered the two methods as powerful, efficient and reliable in obtaining approximate solutions and even exact solutions to time-fractional differential equations.
